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Abstract: A solution is derived for the surface displacements arising on the faces of a semi-
inﬁnite sharp notch subjected to loading by two equal normal forces, one on each wedge face,
applied an equal distance from the notch root. This is achieved by a novel, but robust, procedure
using a line of strain nuclei applied along an inclined line within a half-plane and permits
good convergence of the solution both in the neighbourhood of the points of application of
the forces and at the notch root.
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1 INTRODUCTION boundary condition along an internal line is to employ
a distribution of dislocations as strain nuclei [3].
This has been carried out many times and doesThis paper is concerned with the determination of
the normal displacement for a pair of opposed forces not merit a detailed description here. On the other
hand, point forces are more suited to the impositionapplied to the surfaces of a semi-inﬁnite wedge
(Fig. 1). The reason for studying this problem is to of internal displacement boundary conditions, and
the development of this parallel technique wasprovide an inﬂuence function permitting the eﬀect
of notch closure under remote compression to be undertaken by Dundurs [4] and Markenscoﬀ et al. [5]
applied to what they termed ‘anticracks’. Although astudied [1], although it has application to other
notch-contact problems. One possible technique for combination of the crack and anticrack techniques
should work in principle, it remained to be seenexamining the problem at hand would be to use the
Mellin transform [2]. However, the principal feature whether the Cauchy nature of the two kernels,
when expressing the state of stress, would berequired in the solution is the surface displacement,
and it seems natural to ensure that, if the observation complementary or produce a conﬂict in the ensuing
quadrature. The subject of this paper is thereforepoint is close to the force itself, the half-plane
solution is recovered. It was also noted that, along twofold. First, it permits the imposition of mixed
boundary conditions along an internal line in a planethe notch bisector h=0, the shearing stress must
vanish, together with the h-direction displacement. problem. In this case the line exists within a half-
plane, but the problem could equally be applied toThus, by imposing along this line the hybrid traction–
displacement boundary conditions described, the other domains in which the solution for nuclei are
known. Second, the speciﬁc application analysedcorrect boundary conditions along the notch bisector
can be achieved, and the half-plane solution auto- permits useful inﬂuence functions for the problem
shown in Fig. 1 to be found.matically recovered when the observation point
moves from the ‘notch’ apex towards the point of
application of the force (and this observation applies
2 FORMULATIONa fortiori if the observation point is exterior to the
line force). The accepted way of achieving a traction
The problem to be addressed is shown in detail in
* Corresponding author: Department of Engineering Science, Fig. 1(a). Symmetry conditions show that, along the
notch bisector, u
h
=t
rh
=0 Yr. It follows that the stateUniversity of Oxford, Parks Road, Oxford, OX1 3PJ, UK. email:
david.hills@eng.ox.ac.uk of stress in the sector 0∏h∏a can be found from
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Fig. 1 (a) A semi-inﬁnite notch under the action of normal forces P. (b) A half-plane subject
to displacement and traction boundary conditions along the line h=0, to represent
conditions along the notch bisector
the half-plane problem depicted in Fig. 1(b). In order
u
bi
(x, y)=
1
2p(k+1)
b
k
(c, d )U
ki
(x, y, c, d ),to do this it is required to ﬁnd the state of stress
induced in the half-plane by the normal load P with
k, i=x, y (2)a correction to establish the condition u
yˆ
=t
xˆyˆ
=0 on
the line yˆ=0, xˆ0. It is assumed that the inﬂuence
functions giving the state of stress and displacement s
Pij
(x, y)=
1
2p(k+1)
P
k
(c, d )S
kij
(x, y, c, d ),
within a half-plane, due to both a line force and a
dislocation, are known. Thus, we know the four k, i, j=x, y (3)
inﬂuence functions connecting dislocation b
k
and
line force P
k
with displacement u
i
(x, y) and state of
stress s
ij
(x, y) (i.e. the functions G
kij
, U
ki
[3], S
kij
, and u
Pi
(x, y)=
1
2m2p(k+1)
P
k
(c, d )D
ki
(x, y, c, d ),
D
ki
; see Appendix 2) deﬁned in the four equations,
where (c, d) are the coordinates of the strain nucleus k, i=x, y (4)
and (x, y) the observation point,
Here, m is the modulus of rigidity and k is Kolosov’s
s
bij
(x, y)=
2m
p(k+1)
b
k
(c, d )G
kij
(x, y, c, d ), constant.
The intention is to write down two (coupled)
singular integral equations to establish the boundaryk, i, j=x, y (1)
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conditions along the crack–anticrack line according to while the displacement state transforms also as a
vector according to0=s
xˆyˆ
(xˆ, 0)¬s: xˆyˆ(xˆ, 0)+ s˜bxˆyˆ(xˆ, 0)+ s˜Pxˆyˆ(xˆ, 0),
yˆ=0, xˆ0 (5)
0=u
yˆ
(xˆ, 0)¬u: yˆ(xˆ, 0)+ u˜byˆ(xˆ, 0)+ u˜Pyˆ(xˆ, 0), Guxˆu
yˆ
H=G cosAp2−aB sinAp2−aB−sinAp2−aB cosAp2−aBHGuxuy H (9)yˆ=0, xˆ0 (6)
where, in each equation, the ﬁrst term on the right-
hand side is associated with the surface normal load
Applying the transformation equations to theP, while the second is the corrective term associated
inﬂuence functions and the boundary conditionswith dislocations and the third the corrective term
along the line imposed (equations (5) and (6)) givesassociated with point forces, the last two being
the integral equationsdistributed along the line segment yˆ=0, xˆ0.
Before this is possible two steps are needed. First,
we need to establish which of the terms in the four
0=s: xˆyˆ(xˆ, 0)+
2m
p(k+1) P 2a
0
B
xˆ
(j, 0)G
xˆxˆyˆ
(xˆ, 0, j, 0) djinﬂuence functions are singular and which are not,
so that there are no conﬂicting requirements in the
quadratures employed. Second, the axis set in which
+
1
2p(k+1) P 2a
0
p
yˆ
(j, 0)S
yˆxˆyˆ
(xˆ, 0, j, 0) dj,the solutions are expressed needs to be reoriented
along the local axis set ﬁxed to the crack–anticrack
line, so that the boundary conditions can be properly yˆ=0, 0∏ xˆ∏2a (10)
established. The latter will be considered ﬁrst.
Two steps in the operation are needed. First, the
0=u: yˆ(xˆ, 0)+
1
2p(k+1) P 2a
0
B
xˆ
(j, 0)U
xˆyˆ
(xˆ, 0, j, 0) djBurgers vector of the dislocation is, of course, a
vector quantitiy, and the standard vector rotation
matrix may be employed in order to express the
Burgers components in the local axis set according to +
1
2m2p(k+1) P 2a
0
p
yˆ
(j, 0)D
yˆyˆ
(xˆ, 0, j, 0) dj,
yˆ=0, 0∏ xˆ∏2a (11)Gbxb
y
H=GcosAp2−aB −sinAp2−aBsinAp2−aB cosAp2−aB HGbxˆbyˆH (7) where Bxˆ(j, 0)=dbxˆ/dj and pyˆ(j, 0)=dPyˆ/dj.The kernels arising in equation 10 can be split
into bounded parts, where a prime is added below,Second, in order to transform the state of stress
together with a Cauchy singular terminduced the standard second-order transformation
must be employed, which, for consistency with the
above vector operation, is written as G
xˆxˆyˆ
(xˆ, 0, j, 0)=
1
xˆ−j
+G∞
xˆxˆyˆ
(xˆ, 0, j, 0) (12)
Gsxˆxˆsyˆyˆs
xˆyˆ
H Syˆxˆyˆ(xˆ,0, j, 0)= 1−kxˆ−j+S∞yˆxˆyˆ(xˆ, 0, j, 0) (13)
Similarly, the kernels arising in equation 11 can be
split into a bounded part, where a prime is added,
together with a logarithmic singular term according to
=G cos2Ap2−aB sin2Ap2−aB sin(p−2a)sin2Ap2−aB cos2Ap2−aB −sin(p−2a)
−1
2
sin(p−2a) 1
2
sin(p−2a) cos(p−2a)
H Uxˆyˆ(xˆ, 0, j, 0)= 1−k2 log(x−j)2+U∞xˆyˆ(xˆ, 0, j, 0)
(14)
D
yˆyˆ
(xˆ, 0, j, 0)=−k log(x−j)2+D∞
yˆyˆ
(xˆ, 0, j, 0)×Gsxxsyys
xy
H (8) (15)
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When the singular terms are explicitly separated, −2mu: yˆ(v, 0)
equations 10 and 11 can therefore be written in the
form
=
2m
2p(k+1) P 1
−1
B
xˆ
(u, 0)
−s: xˆyˆ(xˆ, 0)=
2m
p(k+1) P 2a
0
B
xˆ
(j, 0)
×C(1−k) log(v−u)22 +aU∞xˆyˆ(v, 0, u, 0)Ddu×C 1xˆ−j+G∞xˆxˆyˆ(xˆ, 0, j, 0)Ddj
+
1
2p(k+1) P 1
−1
p
yˆ
(u, 0)+
1
2p(k+1) P 2a
0
p
yˆ
(j, 0)
× [−k log(v−u)2+aD∞
yˆyˆ
(v, 0, u, 0)] du,×C1−kxˆ−j+S∞yˆxˆyˆ(xˆ, 0, j, 0)Ddj,
−1∏v∏1 (20)yˆ=0, 0∏xˆ∏2a (16)
It is known that, at the corner of the notch, the stress
−2mu: yˆ(xˆ, 0)=
2m
2p(k+1) P 2a
0
B
xˆ
(j, 0) state varies as rl−1, where r is a radial coordinate
from the ‘notch’ apex, and l−1=−0.4555 for a notch
270°, by using Williams’ [6] asymptotic approach.
×C1−k2 log(x−j)2+U∞xˆyˆ(xˆ, 0, j, 0)Ddj This behaviour is approximated by one which is
square-root singular in the choice of fundamental
function and hence
+
1
2p(k+1) P 2a
0
p
yˆ
(j, 0)
B
xˆ
(u)=w
xˆ
(u)(1−u2)−1/2 (21a)
×[−k log(x−j)2+D∞
yˆyˆ
(xˆ, 0, j, 0) dj,
p
yˆ
(u)=w
yˆ
(u)(1−u2)−1/2 (21b)
yˆ=0, 0∏xˆ∏2a (17)
The side conditions are
In order to solve the integral, the equations should be
written in normalized form through the substitutions P 2a
0
B
xˆ
(j) dj=P 1
−1
B
xˆ
(u) du=0 (22)
u=
j
a
−1 (18a) P 2a
0
p
yˆ
(j) dj=P 1
−1
p
yˆ
(u) du=0 (23)
v=
xˆ
a
−1 (18b) and hence the discretized forms of the integral
equations are
The equations then become
−s: xˆyˆ(vk)
−s: xˆyˆ(v, 0)=
2m
p(k+1) P 1
−1
B
xˆ
(u, 0)
= ∑
n
i=1
W
iG 2mk+1wxˆ(ui)C 1v
k
−u
i
+aG∞
xˆxˆyˆ
(v
k
, u
i
)D
×C 1v−u+aG∞xˆxˆyˆ(v, 0, u, 0)Ddu
+
1
2(k+1)
w
yˆ
(u
i
)
+
1
2p(k+1) P 1
−1
p
yˆ
(u, 0)
×C 1−kv
k
−u
i
+aS∞
yˆxˆyˆ
(v
k
, u
i
)DH ,×C1−kv−u+aS∞yˆxˆyˆ(v, 0, u, 0)Ddu,
−1∏v∏1 (19) k=1,… , n−1 (24)
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−2mu: yˆ(vk) u:x=−
4P(y−L)2
8pm[x2+(y−L)2 ]
= ∑
n
i=1
W
iG mk+1wxˆ(ui)Ca(1−k) log(avk−aui)22 ++P(x2+(y−L)2)(1+k) log[ x2+(y−L)2 ]
8pm[x2+(y−L)2 ]
−B
(30)
+aU∞
xˆyˆ
(v
k
, u
i
)D
+
1
2(k+1)
w
yˆ
(u
i
) u:y=
P{2x(y−L)− [x2+(y−L)2 ](k−1)
×arcsin[( y−L)/√x2+(y−L)2 ]}
4pm[x2+(y−L)2 ]
(31)
×[−ak log(av
k
−au
i
)2+aD∞
yˆyˆ
(v
k
, u
i
)]H ,
where the constant B is determined by setting u:
x
to
zero at a point on the surface. In this case, because
k=1,… , n−1 (25) at the apex of the notch, the displacements are
chosen equal to zero, u:
x
(0)=0.
∑
n
i=1
W
i
w
xˆ
(u
i
)=0 (26)
∑
n
i=1
W
i
w
yˆ
(u
i
)=0 (27) 3 RESULTS
It is required to ﬁnd the eﬀect of the mixed boundarywhere
conditions imposed within the half-plane on the
normal displacement induced along the line x=0 for
y>0 (Fig. 1(b)) by the normal point force. Becauseu
i
=cosA2i−12n pB , i=1,… , n (28a) there is only a single length dimension in the problem
(L), this can be used to non-dimensionalize the
coordinates.v
k
=cosAknpB , k=1,… , n−1 (28b) The total normal displacement along the notch
surface is found by taking the eﬀect of the applied
point force on a half-plane and adding a corrective
W
i
=
p
n
(28c)
solution and is written as
u
h
(0, rˆ)= m˜
h
(0, rˆ)+u:
h
(0, rˆ) (32)These represent a system of 2n simultaneous
equations for the 2n unknowns w
xˆ
(u
i
) and w
yˆ
(u
i
).
When these values have been found, the stresses where rˆ=y/L, u:
h
is the displacement caused by the
and displacements at an arbitrary point can be point force in a half-plane, and u˜
h
is the displacement
determined. caused by the nuclei. The corrective inﬂuence
Finally, the left-hand side of equations (24) function F
h
(rˆ) for the eﬀect of the strain nuclei alone
and (25) represents the stresses and displacements is deﬁned by
resulting from a point force acting on the surface
of a half-plane and are given by Timoshenko and
F
h
(rˆ)=
mu˜
h
(0, rˆ)
P
(33)Goodier [7] as
In the remainder of this paper the main focuss:xx=−
2Px3
p[x2+(y−L)2 ]2
(29a)
of attention is on a single angle for the notch, i.e.
2a=270° and Poission’s ratio n is set to 0.3. The
inﬂuence function F
h
(rˆ) is plotted in Fig. 2(a), ands: yy=−
2Pxy2
p[x2+(y−L)2 ]2
(29b)
can be expressed as a series representation of the
form
s:xy=−
2Px2y
p[x2+(y−L)2 ]2
(29c)
F
h
(rˆ)= rˆl(c0+c1 rˆ1/2+c2 rˆ+c3 rˆ3/2++c4 rˆ2) (34)
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Fig. 2 The connection displacement generated by the strain nuclei: (a) linear plot; (b) log–log
plot of displacement u
h
(full circles) together with the asymptote (grey line)
where l is determined using Williams’ [6] asymptotic Thus the total normal displacement can be written as
solution and this gives l=0.5445. Figure 2(b) displays
the solution in log–log form, highlighting the charac- u
h
(0, rˆ)=
P
m Crˆ0.5445(−0.1375+0.055rˆ1/2−0.0111rˆteristic gradients at each end of the range of the
solution. When the coeﬃcients have been collected, +0.0010rˆ3/2−0.000 04rˆ2)
this gives
+
1−n
p
log |rˆ−1|D (37)F
h
(rˆ)= rˆ0.5445(−0.1375+0.055rˆ1/2−0.0111rˆ
It can be seen that rˆl dominates the log |rˆ−1| term
+0.0010rˆ3/2−0.000 04rˆ2) (35) close to the corner of the notch, and log |rˆ−1|
dominates the rˆl term in the far ﬁeld (rˆ/L1). The
while the displacement caused by the point force is total displacement is plotted in Fig. 3(a) and the
given by value in log–log form is displayed in Fig. 3(b).
In this solution, there are two numerical approxi-
mations. One is the truncation of the semi-inﬁniteu:
h
(0, rˆ)=
P(1−n)
mp
log |rˆ−1| (36)
interval to a ﬁnite interval along the inclined line
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Fig. 3 State of displacement u
h
along the notch side surface with a=135°, and n=0.3: (a) linear
plot; (b) log–log plot of displacement u
h
(full circles) together with the asymptotes (grey
curves)
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+
−4kx2
2
+(12+4k)cx2−8c2
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2APPENDIX 1
Notation +
32c2x2
2
−32cx3
2
r6
2
D (40)
b
x
, b
y
Burgers vectors of the dislocation
B
x
, B
y
density of dislocations
D
xx
=C−2k log r1+ 2x21r2
1
−(k2+1) log r2Dki displacement inﬂuence function of the
line force
G
kij
stress inﬂuence function of the
+
2kx2
2
−4cx2+4c2
r2
2
+
8cx2
2
(x2−c)
r4
2
D (41)dislocation
p
x
, p
y
density of line forces
P
x
, P
y
components of the line force
S
kij
stress inﬂuence function of the line force D
xy
=(y−d )C2x1r2
1
+
2kx2−4kc
r2
2
−
8cx2(c−x2)
r4
2
Du
i
displacement component
u
bi
displacement component due to −(k2−1)h2 (42)dislocations
u
Pi
displacement component due to line
forces S
yxx
=(y−d )Ck−1r2
1
−
4x2
1
r4
1
−
k−1
r2
2u:
i
displacement component due to external
load
+
−4kx2
2
+(4k−4)cx2+8c2
r4
2
U
ki
displacement inﬂuence function of the
dislocation
+
32cx3
2
−32c2x2
2
r6
2
D (43)s
ij
stress component
s
bij
stress component due to dislocations
s
Pij
stress component due to line forces
s:
ij
stress component due to the external S
yyy
=(y−d )C−k−3r2
1
+
4x2
1
r4
1
−
3k+1
r2
2load
+
4kx2
2
+(20−4k)cx2−8c2
r4
2APPENDIX 2
−
32cx3
2
−32c2x2
2
r6
2
D (44)Inﬂuence functions
S
yxy
=
(−k−3)x1
r2
1
+
4x3
1
r4
1
+
2(k−1)c−(3k+1)x2
r3
2
S
xxx
=
(1−k)x1
r2
1
−
4x3
1
r4
1
+
(k−1)(x2−2c)
r2
2
+
4kx3
2
+(28−4k)cx2
2
−24c2x2
2r4
2
+
−4kx3
2
+(4k+20)cx3
2
−24c2x2
r4
2
+
32c2x3
2
−32cx4
2
r6
2
(38) +
32c2x3
2
−32cx4
2
r6
2
(45)
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where
D
yx
=(y−d )C2x1r2
1
−
2k(x2−2c)
r2
2
+
8cx2(c−x2)
r4
2
D x1=x−c
x2=x+c+(k2−1)h2 (46)
r1=
√x2
1
+(y−d )2
D
yy
=−2k log r1−
2x2
1
r2
1
−(k2+1) log r2 r2=
√x2
2
+(y−d )2
+
−2kx2
2
−4cx2+4c2
r2
2
+
8cx2
2
(x2−c)
r4
2
(47) h2=arcsinAy−dr2 B
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